The present study is focused on the presentation of a numerical solution for copper-water nanofluid through a stretching channel with spherical and cylindrical shape nanoparticles. The analysis of nanofluid in a channel with stretching walls under slip effects is made by introducing the conservation equation of nanoparticle volume fraction into Hamilton-Crosser's nanofluid model. Governing partial differential equations are transformed into nonlinear ordinary differential equations by applying similarity transformation and then solved with the help of shooting method. The effects of different physical parameters on the rheology of nanofluids' particles are presented in tabulation and pictorial representation. The study reveals that the thermal boundary layer thickness increases by increasing the solid volume fraction.
Introduction
Progress in nanotechnology has allowed to finding many ways to increase the nominal values of the physical and thermal properties of poor conducting fluids such as water, kerosene oil, glycerol, etc. By including nano-scaled metal particles, properties like conduction can be boosted. These improvements can prompt mechanical and heat systems with more adequate properties. Thus, medical and engineering sciences can take advantage of this innovation. Likewise, it is employed as a part of electrical and mechanical hardware. In the past, several numerical models have been used to investigate the properties and the impacts caused by these nano-scaled particles on different situations. The inclusion of large and small scale measured metal particles into liquids/coolants, which are innately poor heat conductors, was first presented by Maxwell [1] . After him, diverse hypothetical models were displayed, for example the Hamilton-Crosser [2] and Wasp [3] models. Because of certain detriments, the use of full and small scale estimated particles could not hold much consideration. After revelation of nanoparticles, research in the field of nanofluid once again became more interesting. Choi et al. [4, 5] presented by first time a nanoparticle suspension as a "nanofluid". After that, Buongiorno [6] proposed a broader model considering the thermophoresis and Brownian movement impacts.
Models of nanofluid flow and heat transfer can be classified into two perceptible models known as single-phase and two-phase models [7] [8] [9] [10] [11] [12] [13] [14] . The single-phase model is a single homogeneous fluid that is considered with respect to their effective properties apart from nanoparticles and base fluid. Conversely, the two-phase model considers continuity, momentum and energy equations for nanoparticles and base fluid. The mathematical formulation of nanofluids was simplified by Buongiorno [6] , who stated that the basic mechanic contributes to thermal enhancement and Brownian diffusion and thermophoresis. This study was generalized into boundary layer model for free convective flows of nanofluids by Kuznetsov and Nield [15] . Sheikholeslami et al. [16] observed properties of heat transfer and nanofluids in revolving system using binary horizontal plates. They observed that the rate of heat transfer increases during injection and suction of a volume fraction for nanoparticles and Raynolds number. In addition, it was shown that the heat transfer rate is also affected by spin parameter. Raza et al. [17] investigated the different branches of the solution of copper-water nanofluid in a channel with expanding or contracting walls. Domairry et al. [18] examined binary vertical plates, infinite parallel, natural convection of a non-Newtonian copper-water nanofluid. Their study suggests that the size of nanoparticles is directly related to the thickness of boundary layer and inversely related to the thickness of thermal boundary layer. Numerical investigation of copper-water nanofluid in a channel with stretching walls was presented by Raza et al. [19] . This study revealed that the heat transfer rate increased by increasing the values of the solid volume fraction and suction. Additionally, the two-phase model was evaluated by relating the convective heat transfer coefficients and friction factors expected with experimental results extracted from literature. Sheikholeslami et al. [20] [21] [22] investigated the two-phase model for simulation of nanofluid indifferent fluid flow topologies. Freidoonimehr et al. [23] investigated the problem of magnetohydrodynamics (MHD) laminar free convection flow of nanofluid moving through a vertical surface. In addition, the effect of variations in the rheology properties of different kinds of nanoparticles was studied in [24] . A numerical investigation of the problem involving the natural convection heat transfer of nanofluid in a two-dimensional square cavity was carried out by Garoosi et al. [25] . This study revealed that the reduction of the diameter of the nanoparticles increases the heat transfer rate.
It has been identified, at least at a perceptible level, that the occurrences of slip effects at solid boundaries have numerous applications in micro-or nano-channels. In this sense, such effects can appear in the cases where a thin film of light oil is placed on moving walls or when the boundaries are lubricated with a special coating such as thick monolayer of hydrophobic octadecyl-thichorosilane. Due to the several engineering applications, many researchers have shown their interest in slip effects developing several research works. Yu and Ameel [26] , Waltannebe et al. [27] , Jain and Sharma [28] and Khaled and Vafai [29] are the most prominent among them. MHD flow and heat transfer problem specifically associated to Cu-water nanofluid through a channel with stretching walls under the slip effects can be elucidated by solving a system of nonlinear equations.
Mathematical Formulation
A two-dimensional steady laminar incompressible flow of electrically conductive nanofluid in a porous channel (−a ≤ y ≤ a) was considered for the mathematical formulation. In addition, we select the Cartesian coordinate system such that the x-axis is taken in the direction of the flow and y-axis is perpendicular to the channel. It has to be considered that the upper wall is located at y = a, which is static and non-permeable, and the lower wall is located at y = −a, which is permeable as well as stretching in the direction of x-axis as shown in Figure 1 . Flow is subjected to a magnetic field B• constantly applied in the y-axis direction. The Hamilton-Crosser's (H-C) model of thermal conductivity of nanofluid is given by [30] .
Here, k n f represents the effective thermal conductivity of the nanofluid, k f is the thermal conductivity of the continuous phase (i.e. water in this case), ϕ is the volume fraction of nanoparticles and n is the shape factor for nanoparticles given by 3ψ where ψ corresponds to the sphericity of the nanoparticles and depends on the shape of the nanoparticles. For spherical nanoparticles ψ = 1 or n = 3 and for cylindrical nanoparticles ψ = 0.5 or n = 6. The main objective of the present analysis will remain to examine the impact of these two models on the heat transfer rate with copper water (Cu-Water) nanoparticles. remain to examine the impact of these two models on the heat transfer rate with copper water (Cu-Water) nanoparticles. Governing equations of the following fluid model are given below.
where and are the velocity component along and axes respectively, is effective electrical conductivity of nanofluid, is effective density, is the effective dynamic viscosity, is heat capacitance and thermal conductivity of the nanofluid. These physical quantities were mathematically described by Raza et al. [19] .
Here is the solid volume fraction, is for nanosolid-particles, is for base fluid. Our preference is to solve equations (2)- (5) through equations (6)- (9), with boundary conditions Governing equations of the following fluid model are given below.
∂u ∂x
where u and v are the velocity component along x and y axes respectively, σ n f is effective electrical conductivity of nanofluid, ρ n f is effective density, µ n f is the effective dynamic viscosity, ρC p n f is heat capacitance and k n f thermal conductivity of the nanofluid. These physical quantities were mathematically described by Raza et al. [19] .
Here ϕ is the solid volume fraction, ϕ s is for nanosolid-particles, ϕ f is for base fluid. Our preference is to solve Equations (2)- (5) through Equations (6)- (9), with boundary conditions
Moreover, b < 0 for shrinking of the channel walls, b > 0 for stretching of the channel wall and (r 1 , r 2 ) represent the slip effects (velocity and thermal) respectively.
By introducing similarity transformation represented by the following expressions:
the governing Equations (2)- (5) can be converted into ordinary differential equations by replacing the similarity transformation into Equations (2)- (5) and using the Equations (6)- (9),
is the stretching Reynolds number,
is the Prandtle number, λ is suction parameter and the values of A 1 , A 2 , A 3 are:
In addition, the boundary conditions are defined as bellow.
Numerical Solution
In order to find the numerical solution, the shooting technique was employed to solve and investigate solutions of Equations (14) and (15), where the boundary conditions described by Equations (19) were applied. Thus, a boundary value problem was converted into an initial value problem by setting.
where the initial conditions are expressed as follows:
Here, α, β, γ are unknown initial conditions. We have to shoot these initial conditions with some arbitrary slope in such a way that the solution of the system (20) of Equations (14-15) satisfies the given conditions at the boundary. A hit-and-trail approach is applied in order to find the unknown initial conditions. Once slope α, β and γ is assumed, the numerical integration is carried out for the initial value problem and accuracy of missing initial conditions is then checked by comparing calculated value with the given terminal point. The details of the shooting method with Maple 18 implementation shoot has been described by Meade et al. [31] . 
Results and Discussion
The numerical results of this research are presented in this section in the form of tables and graphs. Tables 1-3 and Figures 2-7 summarize the effects of different physical parameters on properties such as skin friction, heat transfer and velocity. Based on the work carried out by Raza et al. [20] , the range of the nanoparticle volume fraction is considered to be 0 ≤ ϕ ≤ 0.1, and the Prandtl number of the water-base fluid is kept constant at 6.2. Table 1 showed the thermophysical properties of the different kind of nanofluids. Table 2 is presented to show the effects of the solid volume fraction ϕ on θ (−1) with spherical shape nanoparticles (n = 3). From this table, it can be stated that heat transfer rate at the lower wall θ (−1) of the channel increases monotonically by increasing the values of solid volume fraction ϕ. Furthermore, the heat transfer rate at the lower wall of the channel θ (−1) is increased as the numerical values of solid volume fraction θ (−1) are increased for the case of nanoparticles with cylindrical shape (n = 6). Compared with base fluid (water), nanofluids exhibit a distinctive property allowing the enhancement of heat transfer, which makes them attractive for many engineering applications such as pharmaceutical processes, thermal management of electronics, heat exchangers, etc. Enhancements of heat transfer of nanofluids depend upon the particle size and its shape. A cylindrical shape and a reduced particle size will be in favor of a better heat transfer. The mentioned results are presented in Tables 2 and 3 . The effects of the solid volume fraction ϕ on the velocity profile for spherical and cylindrical shape of nanoparticles are shown in Figures 2 and 3 respectively. For spherical shape nanoparticles (n = 3) the other physical parameters were fixed as R = 4, M = 0.5, S = 1, S 1 = S 2 = 0.1 and such parameters were set as R = 4, M = 0.5, S = 1, S 1 = 0.3, S 2 = 0.2 for cylindrical shape of nanoparticles (n = 6). From these profiles we came to know that velocity profile f (η) near the lower wall η ≈ −1 shiffted towards the lower wall of the channel. In other words, velocity profile f (η) decreases near the lower wall of the channel η ≈ −1 and increases afterwards by increasing the values of solid volume fraction ϕ. Figures 4 and 5 elucidate the effect of stretching Reynolds number R on velocity profile f (η) for spherical and cylindrical shape of nanoparticles. It is observed that f (η) decreases near the lower wall η ≈ −1 of the channel and increases after η ≈ −0.5. Since the lower wall is stretching and the upper wall remains stationary, the effects of stretching Reynolds number are clearly seen near the lower wall of the channel. The effects of the solid volume fraction on the velocity profile for spherical and cylindrical shape of nanoparticles are shown in Figures 2 and 3 Figures 6 and 7 depicted the effect of a magnetic field on the velocity profile of spherical and cylindrical nanoparticles, respectively. From these results, it can be seen that velocity profile increases from the lower wall to the center of the channel and then decreases monotonically by increasing the strength of the magnetic field 0,1,2. It is shown that the velocity profile has an opposite trend when comparing the lower and the upper side of the channel. It has to be noted that the lower wall of the channel is located at 1 and it is stretching, which induced a flow.
Nevertheless, the magnetic field, which is more dominant than the stretching, is applied in the transverse direction of the lower channel causing a decrease in the velocity near the lower wall of the channel. Thus, when the magnetic field is applied to the nanofluid, its apparent viscosity decreases due to the formation of a chain of nanoparticles. The induction of a magnetic field in nanoparticles gives additional kinetic energy to the particles and therefore their velocity increases rapidly. This results in the fact that the flow of nanofluid in a channel can be controlled by applying a magnetic field which can be used in many possible control based applications including MHD power generation, casting of metals, ion propulsion, etc. Figures 8 and 9 depicted the effects of solid volume fraction on the heat transfer profile (HTP) for spherical 3 and cylindrical 6
shapes of nanoparticles, respectively. From these profiles, it can be seen that the thermal boundary layer thickness increases due to the HTP increase by the variation in solid volume fraction 0.01 1% to 0.1 10% . Effects of stretching Reynolds number on HTP for spherical 3 and cylindrical 6 shape of nanoparticles are shown in Figures 10 and 11 . Thermal boundary layer thickness and HTP increase for both cases 3 and 6 due to the increase in the numerical values of stretching Reynolds number 0,2,4. It is an accepted fact that, an increased stretching Reynolds number enhanced the energy in the fluids' particles. This energy increase is due to the fact that the fluid temperature increases monotonically which can be confirmed in Figures 10-11 . HTP decreases due to the increase in the strength of magnetic field for spherical and cylindrical 3 6 shape of nanoparticles (see Figures 12-13) . Figures 6 and 7 depicted the effect of a magnetic field on the velocity profile f (η) of spherical and cylindrical nanoparticles, respectively. From these results, it can be seen that velocity profile f (η) increases from the lower wall to the center of the channel and then decreases monotonically by increasing the strength of the magnetic field M = 0, 1, 2. It is shown that the velocity profile f (η) has an opposite trend when comparing the lower and the upper side of the channel. It has to be noted that the lower wall of the channel is located at η = −1 and it is stretching, which induced a flow. Nevertheless, the magnetic field, which is more dominant than the stretching, is applied in the transverse direction of the lower channel causing a decrease in the velocity near the lower wall of the channel. Thus, when the magnetic field is applied to the nanofluid, its apparent viscosity decreases due to the formation of a chain of nanoparticles. The induction of a magnetic field in nanoparticles gives additional kinetic energy to the particles and therefore their velocity increases rapidly. This results in the fact that the flow of nanofluid in a channel can be controlled by applying a magnetic field which can be used in many possible control based applications including MHD power generation, casting of metals, ion propulsion, etc. Figures 8 and 9 depicted the effects of solid volume fraction ϕ on the heat transfer profile (HTP) θ (η) for spherical (n = 3) and cylindrical (n = 6) shapes of nanoparticles, respectively. From these profiles, it can be seen that the thermal boundary layer thickness increases due to the HTP increase by the variation in solid volume fraction ϕ = 0.01 (1%) to ϕ = 0.1 (10%). Effects of stretching Reynolds number R on HTP for spherical (n = 3) and cylindrical (n = 6) shape of nanoparticles are shown in Figures 10 and 11 . Thermal boundary layer thickness and HTP increase for both cases (n = 3) and (n = 6) due to the increase in the numerical values of stretching Reynolds number R = 0, 2, 4. It is an accepted fact that, an increased stretching Reynolds number enhanced the energy in the fluids' particles. This energy increase is due to the fact that the fluid temperature increases monotonically which can be confirmed in Figures 10 and 11 . HTP decreases due to the increase in the strength of magnetic field for spherical and cylindrical (n = 3 and 6) shape of nanoparticles (see Figures 12 and 13) . 
Conclusions
The problem of magnetohydrodynamics Copper-water nanofluid flow in a stretchable channel under the influence of an external magnetic field and slip effects was numerically studied in this work. The effects of different physical parameters on the velocity profile and heat transfer profile were graphically presented. On the bases of the numerical results, two relevant aspects must be remarked:
 The heat transfer rate 1 increases by enhancing in the strength of solid volume fraction
1% to 10%
 The stretching Reynolds number decreases the velocity profile near the lower wall of the channel 1 for spherical and cylindrical shape of nanoparticles. 
Conclusions
1% to 10%
Conclusions
•
The heat transfer rate θ (−1) increases by enhancing in the strength of solid volume fraction ϕ = 1% to 10% • The stretching Reynolds number R decreases the velocity profile f (η) near the lower wall of the channel η ≈ −1 for spherical and cylindrical shape of nanoparticles.
The thermal boundary layer thickness increases by increasing the solid volume fraction ϕ = 1% to 10%.
